abstract: In this paper we determine, up to equivalence, all the indefinite ternary quadratic forms over Z that represent all odd integers.
Introduction
The problem of representing integers by ternary quadratic forms has a long and venerable history. The best known of these problems is determining which integers can be written in the form x 2 + y 2 + z 2 , which was solved by Gauss [8, p. 79 ]. Another interesting classical example is the form x 2 + y 2 + 2z 2 , studied by Fermat, Legendre and Torelli [3, p. 282], [4, p. 224], which represents all odd positive integers. I. Kaplansky [5] found all positive-definite ternary quadratic forms that share this property. In this note, we deal with the equivalent question for indefinite forms, which was also raised by Kaplansky in an unpublished note [6] .
The classification of the indefinite ternary forms that represent all odd integers turns out to be simpler than in the definite situation, as these forms happen to have always class number one, as shown below, and hence determined by the "obvious" local conditions. As particular cases, we find the so-called universal forms, i.e. forms that represent all integers, that were already described by Dickson in the 1930's.
Notation and terminology
Let B be a symmetric n × n matrix with coefficients in Q. The associated quadratic form on Z n is q(x) = x t Bx.
We say that q is integral if it takes values in Z. This is equivalent to 2B being an integer matrix with even coefficients on the diagonal. We say that q is classically integral if B has integer coefficients.
The symmetric bilinear form of q is defined by
and is related to B by β(x, y) = 2x t By.
The determinant of q is defined by d(q) = det B. We say that q is nondegenerate if d(q) = 0. All the quadratic forms in this paper will be assumed nondegenerate. Let R be a commutative ring containing Z. Two quadratic forms q and q as above are R-equivalent if there exists U ∈ GL n (R) such that q(U x) = q (x). We shall denote this equivalence by q R q . The rings R relevant for this paper are Z, Q, Z p , Q p and R.
Recall that q and q are said to be in the same genus if q Zp q for all prime numbers p and q R q . The determinant d(q) is an invariant of the genus of q. It is a standard fact that the genus of a form q contains finitely many Z-equivalence classes (see e.g. [7, Theorem 6.1.2]); the number of these classes is called the class number of q.
Sufficiency of Local Conditions
Recall that an integral quadratic form q is indefinite if it takes both positive and negative values. Proof: Let q be first any nondegenerate quadratic form on a Z-lattice L of rank
2 be the spinor norm. Let P be a finite set of prime numbers containing 2 and such that
∈ P and define
Define also T P = {x ∈ Q × : |x| p = 1 for all p / ∈ P } and denote by T P the image of T P in R P under the "diagonal" map T P −→ R P . It is known (see Cassels [1, Theorem 3.1, Capter 11]) that the number of spinor genera in the genus of q is equal to the index [R P : S P T P ] for any set of primes P as above. If in addition q is indefinite, then by strong approximation [7, Theorem 6.3.2] , spinor genera and classes coincide, so in this case the index [R P : S P T P ] is actually equal to the class number.
Let now q be a nondegenerate integral indefinite ternary quadratic form representing all odd integers. If p is an odd prime, the form q represents all of Z p since the odd numbers are dense in Z p . If p = 2, q represents the units of Z 2 . Let u ∈ Z × p and choose e 1 , e 2 ∈ L p such that q(e 1 ) = u and q(e 2 ) = 1. The
are only two possibilities for every prime p:
By [1, Lemma 3. 5 Chapter 11], the odd primes in P are divisors of d(q), so P is s finite set. Therefore we can use the groups in (2) to compute the class number of q. In our situation
) is a group of order at most 2. If [R P : S P ] = 2, the nontrivial element is represented by 2, which is obviously in the subgroup T P , so [R P : S P T P ] = 1. Therefore q has class number one as claimed. 2
In the next two sections we shall determine the genera of nondegenerate integral indefinite ternary quadratic forms that represent all odd integers.
The Case p = 2
In the remaining of this paper, we shall denote by a 1 ; · · · ; a n the diagonal quadratic form a 1 x Let s = min(ord p (x), ord p (y), ord p (z)). Clearly p 2s must divide pw and thus we get s = 0. So z is a unit. Finally, Proof: By Proposition 4.1, q is isotropic over Q p for all odd primes and also over R since it is indefinite. By reciprocity, q is isotropic over Q 2 as well and therefore is isotropic over Q by Hasse-Minkowski. 2
The case p = 2
We shall describe below all the nondegenerate ternary integral quadratic forms over Z 2 that satisfy the following properties: Proof: Since q represents 1 and is classically integral, it can be written in the form x 2 + 2 t r(y, z), where r is a primitive binary form and t ≥ 0. Note that t ≥ 2 is impossible since q represents all odd integers, so t = 0, 1.
If t = 0, r is classically integral, so q can be diagonalized over Z 2 in the form q Z 2 1; −u; −ud for some unit u ∈ Z We shall now give the corresponding statements for integral, but not classically integral, forms satisfying (4). In this situation, the "trivial form" is xy − 4dz 2 . 2 as in the previous case). Let L be the underlying Z-lattice of q and let L be the dual lattice (with respect to the bilinear form β of (1) 
